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It is explicitly shown that the class of algebro-geometrical (nite-gap) solutions of the Ernst equation con-
structed several years ago in [1] contains the solutions recently constructed by R.Meinel and G.Neugebauer [2] as
a subset.
1. Algebro-geometrical solutions of Ernst
equation
The Ernst equations which arises from certain
dimensional reduction of 4D Einstein's equations























is a cylindrical Laplacian operator. For E 2 R
Ernst equation reduces to the classical Eulers-
Darboux equation
 log E = 0 (2)
corresponding to static space-times. Denote x+i
by  and consider the hyperelliptic algebraic curve














with  = x + i symmetric with respect to an-
tiholomorphic involution  !

 that entails for












2 R ; j = m + 1; : : : ; g (4)
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) j = 1; : : : g. Each cycle a
j
is cho-






starts on one bank of the branch cut [;

], goes





and comes back. The dual basis of holomorphic
dierentials dU
j

















and related g-dimensional theta-function (zjB).
Dierentials dU
j










j = 1; : : : ; g (6)
General algebro-geometrical solution of the Ernst
equation may be written in many dierent forms
(see [1, 5]). Here it is convenient to use the orig-

































where the new objects are dened as follows: K
is a vector of the Riemann constants of L; D


















































(P ) be an arbitrary locally holomor-
phic 1-form on L with (;

)-independent singu-






 = 0 j = 1; : : : ; g (8)



























Now solution (7) is completely dened. If one
take g = 0 then combination of theta-functions
















i.e. static solution, which serves as a static back-
ground of solution (7). It is easy to show that by









= (   )(  

)
one can get arbitrary static solution. Namely,
take an arbitrary solution E
0
2 R (for denite-
ness, asymptotically at i.e. E
0
( = 1) = 1)










































and analogous equation with respect to

 (which










This is a simple example of "direct scattering pro-
cedure" (and analog of Fourier transform): the
positions and structure of singularities of d

0




 on L which enters (7) inherits





and is assumed to
have additional simple poles at the branch points
E
j
with the residues 1=2 and at the branch points
F
j
with the residues  1=2, j = 1; : : : ; g.
Therefore, for xed genus g the solution (7)
is dened by the following set of data: an ar-
bitrary background solution E
0
of the Ehlers-









j = 1; : : : ; gg.
2. Reduction to Meinel-Neugebauer con-
struction
To obtain the solutions constructed in [2, 3] as
a special case of (7) one have to take m = g i.e.








Then to rewrite solutions (7) in the form of [2]
introduce on L meromorphic 1-form dW having
the 1st order poles at  = 1
1
and  = 1
2
with





dW = 0 j = 1; : : : ; g


















)  U (D)  K)
(U (1
2
)  U (D)  K)
(13)
is valid for arbitrary two sets of g points D and
~
D
and may be veried by simple comparison of the

































dened by the following system of equations:
U (
~





The vector in the l.h.s. is understood as
(U (
~














The problem of determining points of
~
D from (15)
is called the Jacobi inversion problem.
Equations (15) may be rewritten in terms of
non-normalized basis of holomorphic dierentials


























for j = 1; : : :g where @
^
L is the boundary of 4g-
sided fundamental polygon
^
L of surface L which








 P 2 L
with arbitrary base point P
0
2 L; choice of P
0
does not inuence the r.h.s. of (16). Expression
(16) may be easily derived from (15) using the










































are a and b periods of
the forms dW
1;2


















(which coincides with dW up to some combina-
tion of holomorphic dierentials (6) which pro-
vide vanishing of all a-periods of dW ), and ap-
plying (17) to d
 and dW
0









































































































which precisely coincide with expressions of [2].
Functions u
j












































The static background of solution (22) is given
by an arbitrary solution of the Laplace equation
u
g
(one could take any other function u
j
, since it
would almost uniquely determine the others ac-

















Let us show how to choose the parameters of
the present construction to get the \dust disc"
solution of [3] posed at (x = 0 ;   
0
). We
shall present the arguments that this solution has
naked singularities and is therefore unphysical.
One should take g = 2, choose some complex
E
1

























respectively. Finally, the 1-form d
 should be



















() is meromorphic 1-form on L with
vanishing a- periods and unique pole of the sec-
ond order at  =  with leading coecient equal
to 1; f() may be an arbitrary measure satisfy-
ing





a meromorphic 1-form on L having simple poles
with the residues 1=2 at E
1;2
and  1=2 at F
1;2
.














Specifying f() in some special way (see [3]) one
arrives to the \dust disc" solution of [3].
Here one should mention that analysis of [5]
shows that the invariants of the Weyl tensor on
the rings  = E
1
and  = E
2
are singular, and
the space-time is ramied in their neighbourhood
(this is checked in [5] for g = 1 case, but clearly
this fact is pure local: presence or absence of the
other branch cuts does not inuence the quali-
tative space-time structure, say, near  = E
1
).
Thus solution discussed in [3] has naked singu-
lar \branch rings" posed at x + i = E
1
and
x+ i = E
2
outside of the \dust disc" itself.
3. Summary
We have shown that the solutions of the Ernst
equation obtained recently in [2] (and, in partic-
ular, some partial solution of this class exploited
in [3] to describe rigidly rotating dust disc) con-
stitute a subclass of the algebro-geometric (nite-
gap) solutions found before in [1].
However, in spite of the solutions derived in
[2, 3] are not new, the physical interpretation of
special solution of this class proposed in [3] would
be very interesting if it would really describe the
dust disc. Unfortunately, this solution will have
at least two naked ring singularities outside of the
\dust disc"; in the neighbourhood of these rings
the space-time will have non-trivial topological
structure which makes its physical interpretation
doubtful.
Nevertheless, we hope that some of the nite-
gap solutions will nd reasonable physical appli-
cation (see also [5] for discussion, where, in par-
ticular, we describe a solution with toroidal ergo-
sphere).
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